MATH1013 Calculus | Problem Set 1
L02, L10 (Fall 2025)

Solution to Problem Set 1

1.

(a)

(b)

(d)

(a)

(b)

(c)

R\ A = (—,0) U (4, +0)

R\ (ANB) = (—,3) U (4,+0)

R\ ((AUB)\(ANB)) = (—»,0) U [3,4] U (6,+»)
Au(Bn(R\A))=1I0,6]

We consider the following two cases:
© If (x+ 1)(x —2) > 0, then the given inequality is equivalent to
x—Dkx+2)=0,
so x < —2 or x = 1. Combining this with the assumption (x + 1)(x — 2) > 0, we have
(x<-2o0rx=1) and (x<—=1o0r x>2).
Therefore in this case we obtain the solutions x < —2 or x > 2,i.e. x € (—o0,—2] U (2, +).
© If (x+ 1)(x —2) <0, then the given inequality is equivalent to
x—Dkx+2)<0,
so —2 < x < 1. Combining this with the assumption (x + 1)(x — 2) < 0, we have
(-2<sx<1) and (-1<x<2).
Therefore in this case we obtain the solutions —1 <x < 1,ie. x € (—1,1].

Combining the two cases, the solutions to the inequality are all those x € (—o0, —2] U (—1,1] U (2, +0).

We consider the following two cases:
© If (x+ 1)(x —2) > 0, then the given inequality is equivalent to
x2+12>0,
which is always true. Now (x + 1)(x —2) > 0 is equivalentto (x < —1 or x > 2), so in this case we
obtain the solutions x € (—o,—1) U (2, + ).
© If (x+ 1)(x —2) <0, then the given inequality is equivalent to
x2+1<0,
which is always false. Therefore in this case we obtain no solutions to the inequality.

Combining the two cases, the solutions to the inequality are all those x € (—o0,—1) U (2, +0).

We consider the following two cases:
® If x > 0, then the given inequality is equivalent to
x?—-3>2x o x2—-2x—-32>0 o (x=3)(x+1)=0,

so x < —1 or x > 3. Combiningthis with x > 0, we obtain the solutions x > 3,i.e. x € [3,+»).
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® If x < 0, then the given inequality is equivalent to
x2—-3<2x s x2-2x-3<0 s (x—-3)(x+1) <0,
so —1 < x < 3. Combining this with x < 0, we obtain the solutions —1 < x < 0,i.e. x € [—1,0).

Combining the two cases, the solutions to the inequality are all those x € [—1,0) U [3, +0).

(d) We consider the following two cases:
2 1
© If (1 —x)3(2—x)3 > 0, then the given inequality is equivalent to
4 —x >0,
2 1
so x < 4. Atthe same time, the solutionsto (1 —x)3(2 —x)3 > 0 are
1—x#0and 2—x>0,
so x <1 or 1<x<2. Combiningthese, in this case we obtain the solutions x <1 or 1 <x < 2,i.e.
x € (—o,1) U (1,2).
2 1
© If (1—x)3(2—x)3 <0, then the given inequality is equivalent to
4 —x <0,
2 1
so x > 4. Atthe same time, the solutionsto (1 —x)3(2 —x)3 <0 are
1—-x+#0and 2—x<0,
so x > 2. Combining these, in this case we obtain the solutions x > 4,i.e. x € (4, +).

Combining the two cases, the solutions to the inequality are all those x € (—o,1) U (1,2) U (4, +0).

(e) We consider the following two cases:
® If 2x — 1 > 0, then the given inequality is equivalent to
3<2x—-1<5,

so 2 < x < 3. Combining this with the assumption 2x —1>0, i.e. x = ;, in this case we obtain the
solutions 2 < x < 3,i.e. x € (2,3].

® If 2x — 1 < 0, then the given inequality is equivalent to

3<—(2x—-1) <5,

so —2 < x < —1. Combining this with the assumption 2x —1 <0, i.e. x < %, in this case we obtain
the solutions —2 < x < —1,i.e. x € [-2,—1).

Combining the two cases, the solutions to the inequality are all those x € [—-2,—1) U (2, 3].

(f) Notethat |x? —4x — 1| > 4 ifand only if either x> —4x —1 >4 or x* —4x — 1 < —4.
® If x? —4x — 1> 4, then we obtain
x2—4x—-5>0,
i.,e. (x—5)(x+1)>0. Thesolutionsare (x < —1 or x >5),i.e. x € (—oo,—1) U (5, +0).
® If x?> —4x — 1 < —4, then we obtain
x> —4x+3<0,
ie. (x—3)(x—1)<0. Thesolutionsare 1 <x < 3,i.e. x € (1,3).

Combining the two cases, the solutions to the inequality are all those x € (—o0,—1) U (1,3) U (5, +0).
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3.

(a)

(b)

(c)

(a)

(b)

(a)

(b)

Problem Set 1

30+32+34+36+--+50=2(15+16+ 17 + 18 + --- 4+ 25)
=2[(14+24+-+25—-(1+2+--+14)]

_2(25><26 14 x 15

2

1-4-74+2-5-8+--+30-33-36

> >=25><26—14><15=440.

30 30 30 30 30
=Zk(k+3)(k+6) =Z(k3 + 9k2 + 18K) =Zk3 +9Zk2 +182k
k=1 k=1 k=1 k=1 k=1

302 x 312 30 x 31 x 61 30 x 31
= : +18-

+9
4 6

1+ 1.01 + 1.01% + 1.013 + --- + 1.01%°

= 309690

11

1.01
=~ =100(1.01* — 1)

1.01-1

kzzl(k+2)(k—3)=kz=1(k2—k—6)=;k2—;k—6;1

_n(n+1)2n+1) nn+1) . _n®—19n

6

A k3
1+53+53+5+53+--+5"

2 n 3

3n 3n+1
nk 573 -1
k=0 53—-1

100

Since the volume of the circular cylinder is 100, we have mr?h = 100, and so r? = e Therefore the

function 7:(0,4o) = R is given by

) 100 10
r(h) = |—=—.
Th \rh
Pythagoras’ Theorem gives 12 + 12 +12 =d?,s0 | = d; = %. (Why not i\/g? Why Vd? = d?)

Now the surface area of the cube A:(0,+%) - R is given by

d2
Ad)=6l>=6- <?) = 2d?,
and the volume of the cube V:(0,+) — R is given by
d\*> d°
=r (L -

Page 3 of 12



MATH1013 Calculus | Problem Set 1
L02, L10 (Fall 2025)

(c)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Let the coordinates of P be (x,y). Ourgoalistoexpress x and y as functions of m.

Since P lies on the graph of f, we have y = f(x) = +/x. Thus the slope of the line joining P and (0,0) is

_y-0 Yx-0 1
MmEX—0 x-0 CVx
Therefore x,y:(0,+0) — R are given by
x(m) = 1/m? and y(m) = Jx(m) = 1/m.

The expression f(x) is well-defined if and only if

x+2
>

x+3#0 and > 0.
x+3

Both of these hold if and only if x = —2 or x < —3, so the natural domain of f is (—o0,—3) U [—2, +00).
The expression f(x) is well-defined if and only if
x+2=0 and x+3>0.

Both of these hold if and only if x = —2, so the natural domain of f is [—2,+).

The expression f(x) is well-defined if and only if

x? -1
x—2+0 and = 0.
x—2
. . 2_1>0 x2—-1<0 . x=>1orx< -1 -1<x<1
Both of these hold if ly if ¥ = =Y e .
oth of these hold if and only i {x—2>0 o {x—2<0' { > or{ v <2

Thisisthe sameas x > 2 or —1 < x < 1, so the natural domain of f is [—1,1] U (2, +0).

The expression f(x) is well-defined if and only if |x| = 0. This always hold for every real number x, so the

natural domain of f is R.

The expression f(x) is well-defined if and only if x = 0. So the natural domain of f is [0, +o0).

The expression f(x) is well-defined if and only if x — |x| # 0. This holds if and only if x < 0, so the natural
domain of f is (—oo,0).

The expression f(x) is well-defined if and only if sinx # 0. This holds if and only if x # nm for any integer
n. So the natural domain of f can be written as any one of the following:
® R\ {nm:nisaninteger}, or

® —-U(-2r,—m)U(-m,0)U(0,m)V (r,2m) U (2m,3m) U ---.

The expression f(x) is well-defined if and only if |x| > 0. This always hold for every non-zero real number

X, so the natural domain of f is R\ {0}.

Page 4 of 12



MATH1013 Calculus | Problem Set 1
L02, L10 (Fall 2025)

7.

8.

(@) The expression g(x) is well-defined if and only if f(x) is well-defined. So the natural domain of g is the

same as the domain of f, whichis R.

From the given graph we see that the range of f is [q,+®). Sotherangeof g=1—f is (—o,1 —q].

(b) The expression h(x) is well-defined if and only if f(x) = 0. From the given graph, we see that f(x) = 0 if

andonlyif x < a or x = b, so the natural domain of h is (—o0,a] U [b, +0).
From the given graph we also see that on the domain (—o,a] U [b,+), f(x) can take every value in

[0, +). Sotherangeof h = v— is [0,400) too.

(c) The expression m(x) is well-defined if and only if f(x) # 0. From the graph of f, we see that f(x) # 0 if

andonly if x # a and x # b, so the natural domain of m is R\ {a, b}, or (—,a) U (a,b) U (b, +).

From the graph we also see that on the domain R\ {a, b}, f(x) takes every value in [g,0) U (0, +).

2

Note that when f(x) > 0 we also have )

> 0, while when q < f(x) <0 we have ]%Sg. So the

2. 2
range of m = ;s (—00,;] U (0, +).

(a) Let x beareal number.

© If x>a,then f(x) =x—a and |[x —a| =x—a, so
1 ST 1 B _
2(x a) 2x a—z(x a) 2(x a)=x—a=f(x).
© Ifx<a,then f(x)=0and |[x—a|=—(x—a) =a—x,so
1 +1 _1 1 0=
SE-a)+slk-ad=sG-a)-5x-a)=0=f(.

Therefore f(x) = %(x —a)+ i |x — a| for every real number x. [ |

(b) Note that the piecewise defined function P is the sum of the following three functions

Pl(x)zzgﬁ
_ (105x+8—-29 ifx>2 _ (105(x—2) ifx>2
PZ(X)_{O if0<xS2_{0 ifo<x<2
P(x)={(7x+39.5)—(10.5x+8) ifx>9 ={—3.5(x—9) ifx>9
3 0 ifo<x<9 Lo fo<x<9

So applying the result from (a) to the functions P, and P;, we obtain

P(x) = Py(x) + P,(x) + P3(x)
1 1 1 1
= 294105 [E(x—Z) +5|x—2|] +(=35) [E(x—9) 51k =)

= (3.5x + 34.25) + 5.25|x — 2| — 1.75|x — 9|.
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9. (a) f:[1,5] » R defined by

5x — 11

) ==

(b) f:(—o0,0] > R defined by f(x) =1—+/—x.

(c) f:[—4,4] » R defined by

3
—Ex—3 ifx € [—4,-2]

fG)=44-x2 ifxe(-22)-

3
kzx—3 if x € [2,4]

10. (a) Forevery x € R, we have
=)= () + (2 + () =—x°—x®—x=—-(x"+x3+x) = —f(x),
so f isodd. Since f(—1) = -3 # f(1), f isnoteven.

(b) Forevery x € R, we have

g(=x) = I=x[ = JIx[ = g(x),

so g iseven. Since g(—4) =2 # —g(4), g isnotodd.

(c) For every rational number x, the number —x is also rational; so
h(=x) =1 = h(x).
For every irrational number x, the number —x is also irrational; so
h(—x) = =1 = h(x).
Therefore h(—x) = h(x) for every x € R, which implies that h is even. Since h(—2) =1 % —h(2), h is
not odd.

11. Given any function f:R — R, we define two functions f;,f,: R = R by

e = L2 and £,(0) =w

> for every x € R.

Then,

©®© Forevery x € R, we have f;(—x) = f(_x)z_f(x) = —f(x)_zf(_x) =—f1(x). So f; isodd.
©® Forevery x € R, we have fo,(—x) = f(_x);f(x) = f(x)+2f(_x) = f,(x). So f, iseven.

© Forevery x € R, we have f;(x) + f,(x) = f(x)_zf(_x) + f(x)+2f(_x) =f(x). So f=fi+fo [
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12. (a) Forevery x € R, we have

g=x) = f(=x)| = |—f ()| (f is an odd function)
= |f(x)] (property of absolute value)
= g(x).
So g iseven. n

(b) Forevery x € R, we have
g(=x) = f(—xD = f(x]) (property of absolute value)
= g().

So g iseven. n

(c) Forevery x € R, we have

(feg)(—x) = f(g(—x)) = f(—g(x)) (g is an odd function)
= f(g(x) (f is an even function)

= (feg)x).

So f o g iseven. ™

13. We start from the graph of y = f(x). A right translation of 1 unit gives the graph of y = f(x — 1), and
replacing the part of the graph lying on the left of the y-axis by the reflection of the part on the right across the

y-axis, we get the graph of y = f(|x| — 1).
A,4) (-1, 94 (1,4)
y=fk) y=fx-1 y=fUxI-1)

y=fx)

\4

Next, a vertical compression by a factor of 3 gives the graph of y =§f(|x| — 1), and finally a downward

translation of 2 units gives the desired graph of y = if(lxl -1)-2.

\ A
y=fx) y=fx)

(1)
y=3f0xl -1

>

—= 3

73/ -

/@I—l)—z

(51 _2)

5
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14. (a) If m and n are positive integers with f(m) = f(n), then

(b)

(c)

(d)

15. (a)

the m™ prime number = the n'" prime number.

This obviously implies that m =n. So f is one-to-one.

For the two distinct real numbers —1 and 1, we have

F(=1) = In[1 + (-1)?] = In(1 + 12) = £(1).

So f is not one-to-one.

If a and b are numbersin (—1,+o) with f(a) = f(b), then

a b
Va+1 Vb+1

avb+1=bva+1
a’(b+1)=>b%*(a+1)
a’bh—ab®*+a*>—-b%>=0
(ab+a+b)(a—b)=0.

AU A

Now there are two possible cases:

O]
O]

If the second factor a — b is zero, then we have a = b.
If the first factor ab + a + b were zero, then we must have (a +1)(b+ 1) = 1. Since the numbers

a+1 and b+ 1 are both positive, it must follow that one of them is > 1 and the other is < 1, which

. . . o . . a _ b
implies that either a = b =0 or a and b are of opposite signs. But on the other hand, W=

implies that the numbers a and b must have the same sign. Therefore we must have a = b = 0.

In any case, we always have a = b. Therefore f is one-to-one.

We observe that every horizontal line has either no intersection or just one point of intersection with the graph

of f. So by the horizontal line test, the function f is one-to-one.

2—-a 2-b

Suppose that a,b € R\ {—2} satisfies f(a) = f(b). Then we have =— ==—, which implies that

2+a 2+b

2—-—a)2+b)=2-b)(2+a). Thus 4—2a+2b—ab=4—2b+ 2a— ab, and therefore 4a = 4b;

i.e. a =>b. Thisshowsthat f isone-to-oneandso f hasan inverse.

To find the inverse of f, we write y = f(x), i.e.

From this expression we see that y # —1. Now the above also implies that 2 + x = %, and so

.t 2y
= 1+y 14y’

Therefore the inverse f~1: R\ {—1} » R\ {—2} is given by

2—2x
1+x°

f =
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(b)

(c)

(d)

e eb 1 1
Suppose that a and b are real numbers and f(a) = f(b). Then a1 e 1 vk 1- b

1 1 . . . .
Tood = 1ab SO e® = e?. Since the exponential function is one-to-one, we have a = b

andso f isone-to-one,i.e. f hasan inverse (whose domain is the range of f).

This implies that

To find the inverse of f, we write y = f(x),i.e. y = 1iex =1- 1+1ex. Then

1
1+e*

1-y=

from which we deduce that y € (0,1) because e* > 0. Finally for each y € (0,1) we have 1+ e* = ﬁ,

and so

Therefore the inverse f~1:(0,1) - R s given by

f1(x) =In ad :

1—x

Suppose that a,b € (2,37”) satisfy f(a) = f(b), i.e. tana = tanb. Then b = nm + a for some integer n.
But since a and b both belong to (2,37”), we must have b —a € (—m, ) and so the integer n must be 0.

Thus a =b and f isone-to-one,i.e. f hasan inverse (whose domain is the range of f).

To find the inverse of f, we write y = g(x), i.e.
y = tanx.

The general solution to this equation is

X =nm + arctany.
where 7 is an integer. But arctany € (—g,g), and since we only look for solutions x € (g,%ﬂ), we must
have n =1 which gives the solution

X =m+ arctany,
foreach y € R. Sotheinverse f™1:R - (2,37”) is given by

f~1(x) = m + arctan x.
Since —1 and 1 are two distinct numbers in the interval (—\E,\E) and

f(=1) =tan(—1)? = tan1? = f(1),

we see that f is not one-to-one, so f does not have an inverse.
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16. (a) We solve the given equation.
cos2x +3sinx—2=0
(1-2sin?x) +3sinx—2=0
—2sin?x+3sinx—1=0
—(sinx—1)(2sinx—1) =0
This gives sinx =1 or sinx = % Therefore the general solution is
x=2nn+E or x=m‘r+(—1)“%

2

where n is an integer.

(b) We solve the given equation.

cos(x—g)+2cos(x+g)=0

T . . T . A
(COSXCOS§+ smxsm§) + 2(COSXCOS§—SIDXSID§) =0

T
3COSXCOS§= Sin X sin—

Therefore the solutions in [0, 47] are

T
X=§, X =, X =— or X =—

17. (a) Whenever each term is well-defined, we have

T
3

. b4
sec(—x) + sin (—7 - x) SeCX — COSX Secx —Cosx Cosx sinx
3n " cscx —sinx cscx—sinx.sinx.cosx
csc(3m — x) — cos (7 + x)
1—cos?x sinx sin?x sinx s
= = = tan” x.

1—sin?x cosx cos?x cosx

(b) Whenever each term is well-defined, we have

COSZ.X' —sinxcosx + tanx coszx —sinxcosx +tanx cosx

cos?x + sinx cosx — tanx cos?2x +sinxcosx —tanx cosx

cos® x — sinx cos? x + sinx

cos3 x + sinx cos? x — sinx

_ cos®x + (sinx)(1 — cos® x)

" cos3x — (sinx)(1 — cos? x)

cos®x +sin®x 1+tan3x

cos3x —sin3x 1—tan3x’

Page 10 of 12

Problem Set 1



MATH1013 Calculus |
L02, L10 (Fall 2025)

(c) Whenever x is not an integer multiple of %, we have

sin3x cos3x sin3xcosx+ cos3xsinx sin(3x + x)

Problem Set 1

sinx Cos X sin x cos x %sin 2y
sin 4x 2 sin 2x cos 2x
= = = 4 cos 2x.
1. 1.
7 sin 2x 7 sin 2x
(d) Whenever x is not an odd integer multiple of g, we have
5 1 1 sinx cos?x—1+sinx —sin?x+sinx
1—sec“x+secxtanx =1 — -+ = 3 =
cos?x cosxcosx cos? x
sin x — sin® x sinx (1 — sin x) sinx
© 1-sin?2x (1 +sinx)(1—sinx) 1+sinx
18. If x € (—m,m) andif t = tang, then
1—¢2 1-—tan’L  cos?Z —sin22 cos(Z-E
— 2 _ 2 2 _ 2] _
1+t2_1+t ZE_ 2£+ 'ZE_ 1 - cosx
an?5  cos?5 +sin?>
and
. . X
2t 2 tan’z—c 2 sm%cos% sin (2 . 7) .
1+t2:1+t ZEZ 2£+ 'ZEZ 1 = sinx.
an?s  cos?5 +sin?>
19. (a) Note that sin>Z = sin (5—” - 5—”) = cos>Z and the number 2= € [0,7]. Thus
3 2 6 6 6
( ) Sn) [ ] (571 Sn)] ( 571)
arccos | sin— ) = arccos |sin | — — — || = arccos|cos— | =
3 2 6 6
(b)
T 1
sec(arctan 1) = sec (—) = == V2.
4 cosz 0 .

(c) Note that cos10 = cos(4m — 10) and the number 4w — 10 € [0, 7].

Thus

arccos(cos 10) = arccos(cos(4m — 10)) = 4m — 10.
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20. (a)

(b)

sinh: Domain = R, range = R
cosh: Domain = R, range = [1,+)

tanh: Domain = R, range = (—1,1)

Forevery x € R we have

e ¥ —e (¥

sinh(—x) =

so sinh is an odd function. sinh is not an even function.

Forevery x € R we have

cosh(—x) =

so cosh isan even function. cosh is not an odd function.

For every x € R we have

2

e X e (F0  px 4 ox

2

e —e (¥

tanh(—x) =

so tanh is an odd function. tanh is not an even function.

e te (D eitex
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= —sinhx,

= coshx,

= —tanhx,



